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The dynamics of a flat Friedmann-Lemaˆıtre-Robertson-Walker model minimally coupled to a
massless scalar field has been intensively studied in the context of Loop Quantum Cosmology. This
model admits an appropriate solvable representation, named sLQC. The form of the domain of the
volume, the main observable to track the quantum evolution, is not straightforward in this solvable
representation, and its explicit construction has been overlooked so far. In this work we find the
explicit form of physical states belonging to the domain of the volume in sLQC. Specifically, given
a physical state in the v-representation where the volume acts diagonally, we derive its form in the
representation employed in sLQC, making explicit the connection between both representations at
the physical level. To this end, we resort to the Wheeler-De Witt (WDW) approach, which shares
the physical Hilbert space with sLQC when cast in an analog solvable representation, while being
analytically solvable as well in the v-representation. Then the domain of the volume for the WDW
approach provides that for sLQC. Furthermore, we address the question of semiclassicality in sLQC.
PACS numbers: 04.60.Pp, 04.60.Kz, 98.80.Qc
I. INTRODUCTION
The field of quantum cosmology has experienced in
recent years a boost in activity, partly motivated by the
fact that the physics of the early Universe could reveal ef-
fects coming from the quantum nature of spacetime, and
thus provide a potential observational window to quan-
tum gravity. Although several different approaches are
being explored, one of the most promising ones is Loop
Quantum Cosmology (LQC) [1–4]. Besides leading to in-
teresting predictions, like the resolution of the big-bang
singularity by means of a quantum bounce, it is a well
motivated approach guided by a full proposal for non-
perturbative quantum gravity: Loop Quantum Gravity
(LQG) [5–7].
The first cosmology quantized in the context of
LQC was a flat Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) model minimally coupled to a massless scalar
field φ for the matter sector [8–10]. This is the sim-
plest cosmological model, consisting of two degrees of
freedom in configuration space (one for the geometry
and one for the matter) subject to a single constraint,
namely the zero mode of the Hamiltonian constraint of
General Relativity (GR) particularized for this model.
The geometry degree of freedom was quantized employ-
ing a non-standard polymeric representation [11], follow-
ing the techniques of LQG, which leads to a discretiza-
tion of the geometry. Given this canonical approach, one
finds the physical Hilbert space as the space of solutions
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of the quantum Hamiltonian constraint endowed with an
appropriate inner product. The model was numerically
solved for certain states in [9, 10] following the so-called
improved dynamics procedure. In the chosen representa-
tion, the volume acts by multiplication, and we will call it
v-representation. Interpreting φ as the internal time vari-
able, the work of [9, 10] shows that the quantum evolution
(with respect to the relational clock φ) of the expecta-
tion values of the volume and energy density observables
on physical semiclassical states never diverge. Instead,
when the energy density approaches a critical value, of
the order of the Planck scale, the quantum effects of the
geometry render gravity repulsive and the energy density
and the volume observables undergo a bounce. The en-
ergy density reaches a finite maximum and the volume
a non-zero minimum, connecting a contracting epoch of
the Universe with an expanding one. Furthermore, this
procedure proved to be robust, as it was also successfully
applied to models with non-zero cosmological constant
[9, 12–14], spatially compact models [15, 16], and Bianchi
models [17–20].
Then, the concern fell on whether the bounce was par-
ticular to the semiclassical states analyzed numerically in
[9, 10] or a general feature of the approach. This ques-
tion was answered in [21], for the simplest case of the flat
FLRW model with a massless scalar field. This work in-
troduced a convenient change of representation that casts
the Hamiltonian constraint into a Klein-Gordon equation
in 1 + 1 dimensions, in which again one interprets the
scalar field as the time variable. This way, the model
turns out to be exactly solvable in terms of left and right
moving modes, and this formulation was named solvable
LQC (sLQC). Remarkably, the bounce is proven to oc-
2cur for a generic physical state, as a consequence of the
discreteness of the geometry.
However, there is still an open question that has been
overlooked hitherto, and that we address in this work.
Namely, the question of which physical states in the solv-
able representation of LQC belong to the domain of the
volume, which is the main observable under considera-
tion to track the dynamics of the system. This question
is non-trivial since the volume is an unbounded (essen-
tially self-adjoint) operator that in sLQC no longer acts
by multiplication. Because the sLQC prescription was
introduced after the bounce had already been found to
occur numerically, it was not necessary to construct ex-
plicitly states in the domain of the volume. As a con-
sequence, the fact that it is actually non-straightforward
has gone unnoticed.
Our interest of providing the explicit form of the states
forming the domain of the volume goes beyond complete-
ness of the formulation of sLQC. Having that knowledge
proves to be useful when trying to integrate the dynam-
ics of other non-solvable models. Indeed, reference [22]
proposes an approximation method designed for the flat
FLRW model coupled to a scalar field with a potential,
such as an inflaton, which generically does not admit an
analytical solution. This approach is based on pertur-
bation theory for systems with time-dependent Hamilto-
nians, and introduces an interaction picture that relies
on the integration of the “free dynamics” of the solvable
model (scalar field without potential). In order to ap-
ply the method, one needs to be able to provide explicit
physical states of sLQC that belong to the domain of the
volume, and moreover that are semiclassical, to ensure
that far from the high curvature regimes the physics of
the model resembles the classical one predicted by GR.
Even though [21] gives the expression of the expecta-
tion value of the volume on physical states in sLQC, it
is obvious that it is not well-defined for general physical
states. Furthermore, as far as we know the question of
semiclassicality in this formulation has never been ad-
dressed either. Answering these questions requires mak-
ing the connection between the physical Hilbert space of
sLQC and the physical Hilbert space of the original v-
representation of LQC employed in [9, 10]. In [21] this
connection is made at the kinematical level, but not at
the physical one. In this work, we precisely provide this
connection. Starting with a physical profile in the orig-
inal v-representation of LQC, we manage to work out
the expression of that physical state in the Klein-Gordon
formulation of sLQC, which allows us, in particular, to
write semiclassical states in both formulations.
We find that this connection is more easily obtained in
the context of the Wheeler-De Witt (WDW) approach.
In this approach, instead of the polymeric quantization
of LQC, a standard Schro¨dinger-like representation is
adopted. It also allows for a Klein-Gordon representation
of the system, in the sense that it also admits a change of
representation that casts the Hamiltonian constraint into
the same Klein-Gordon equation of sLQC [21]. In conse-
quence, the WDW approach and LQC share the physical
Hilbert space when employing the solvable Klein-Gordon
formulation. In this formulation the theories differ in the
representation of the observables, but the domain of the
volume in the WDW approach provides that of sLQC.
The nice property of the WDW approach is that it is
also easily solvable in the v-representation (for which the
question of the domain of the volume is easy to answer).
We exploit this fact to arrive to the desired result: being
able to write explicitly physical states in the domain of
the volume in the Klein-Gordon formulation in terms of
physical profiles in the v-representation, both for WDW
and LQC. We remark that, even though the physical
Hilbert space of WDW and LQC in v-representation are
different, this poses no obstruction for our analysis, as
we will show.
The structure of this work is as follows. In section
II we review the Hamiltonian formulation of the model
suited to the quantization procedure of LQC. In section
III, we apply the WDW quantization, analyzing its v-
representation in III A, its Klein-Gordon formulation in
III B and finding the physical relation between the two
representations in III C. In section IV we review the quan-
tization of the system in the context of LQC, briefly re-
viewing the v-representation and then focusing on the
solvable formulation, where we write explicit physical
states of the domain of the volume, with the knowledge
gathered in the previous section. In section V, we focus
our attention on semiclassical states, clarifying the notion
of semiclassicality in the solvable formulation of LQC,
and studying in particular Gaussian profiles, demonstrat-
ing that now these states can be computed explicitly in
this representation. Finally, in section VI we conclude
with a discussion of our work.
We choose units c = ~ = 1.
II. HAMILTONIAN FORMULATION
In this work, we restrict the discussion to homogeneous
and isotropic cosmological models. We start by briefly
reviewing the Hamiltonian formulation of such systems
suited to the quantization procedure of LQC, which mim-
ics the techniques of LQG. For further details we refer the
reader to e.g. the reviews [1–4, 11].
Following LQG, we describe the gravitational sector
of the system with a SU(2) connection, and its canoni-
cally conjugate densitized triad . Given homogeneity and
isotropy, in a flat FLRW model, these variables can be
parameterized by one spatially constant variable each.
To this end, the connection is written as proportional to
a variable c and the densitized triad to a variable p, such
that c and p form a canonically conjugate pair, with Pois-
son brackets {c, p} = 8piGγ/3, where γ is a parameter of
the quantization called the Immirzi parameter [4, 23].
The variable p is related to the usual scale factor a(t) via
a(t) =
√
|p(t)|V −1/3o . Here we are introducing a compact
cell V of the Universe with volume Vo measured using a
3fiducial Euclidean metric. Then, the sign of p depends on
the relative orientation of the triad with respect to the
fiducial Euclidean triad. On the other hand, c is propor-
tional to the Hubble parameter, and such that the above
Poisson bracket, and subsequent physical results, do not
depend on the choice of fiducial cell V .
As in LQG, in LQC there is no operator directly rep-
resenting the connection, and one represents instead its
holonomies, along with fluxes of the densitized triad. The
holonomies are taken along straight lines and in the fun-
damental representation of SU(2), with a length such
that the square formed by them has an area equal to
∆, the non-vanishing minimum allowed by LQG, follow-
ing the improved dynamics procedure [9, 10]. The fluxes,
on the other hand, are simply proportional to p.
To simplify calculations, it is common to make a
change of variables to a new canonical set, such that the
holonomies simply produce a constant shift in the new
geometrical variable v, that replaces p:
v = sign(p)
|p|3/2
2piGγ
√
∆
, (1)
b =
√
∆
|p|c, (2)
having {b, v} = 2. This way, the volume of the cell V in
this spacetime is given by V = 2piGγ
√
∆|v|.
Additionally, the matter content is described by a
massless scalar field φ and its conjugate momentum piφ,
which form a canonically conjugate pair with Poisson
brackets {φ, piφ} = 1.
Classically, the Hamiltonian of GR is found to be a
linear combination of constraints. In this cosmological
model, due to homogeneity, only a global Hamiltonian
constraint survives:
pi2φ −
3
4piGγ2
Ω20 = 0, (3)
where Ω0 = 2piGγbv.
The next step is to promote the constraint (3) to a
well-defined operator on a kinematical Hilbert space, by
promoting the phase space variables to operators that
provide representations of the canonical commutation re-
lations. The kinematical Hilbert space will be given by
two sectors: one for geometry and another one for mat-
ter. The quantum representation of the geometrical sec-
tor is where LQC distinguishes itself from other quantum
cosmology procedures, such as the WDW approach.
III. WHEELER-DE WITT APPROACH
In this section we analyse in detail the physical Hilbert
space and physical states in the WDW theory and track
its transformation through the different representations
that lead to the Klein-Gordon formulation of the system.
This will allow us to explicitly construct physical states
(and in particular semiclassical ones) in the Klein-Gordon
representation, both in the WDW approach and later in
LQC.
A. v-representation
Let us start by reviewing the work of [9], establishing
the kinematical and physical Hilbert spaces in the repre-
sentation where vˆ is diagonal. In this setting, one adopts
a standard Schro¨dinger-like representation, namely, op-
erators vˆ, φˆ act by multiplication, while bˆ = 2i∂v and
pˆiφ = −i∂φ, so that we obtain a representation of the
canonical commutation relations: [bˆ, vˆ] = 2i, [φˆ, pˆiφ] = i.
The quantum counterpart of the Hamiltonian constraint
(3) is then given by
Cˆ = −∂2φ − Θˆ, (4)
where we use underlines when referring to operators/
states of the WDW approach, that are not the same as in
the LQC approach. The geometric part of the constraint
is
Θˆ =
3
4piG
Ωˆ
2
0, (5)
Ωˆ0 = −i 4piG : v∂v : (6)
where : v∂v : represents the symmetric ordering of v∂v.
We will use here the convenient symmetric ordering
: v∂v : =
v∂v + ∂vv
2
, (7)
which leads to:
Ωˆ0 = −i 4piG
(
v∂v +
1
2
)
. (8)
The operator Ωˆ0 is (essentially) self-adjoint in the do-
mainDv of the Schwartz space of rapidly decreasing func-
tions dense in L2(R, dv), with absolutely continuous and
non-degenerate spectrum σ(Ωˆ0) = R. Its generalized
eigenfunctions ek(v) with eigenvalue ω0 = 4piGk are:
ek(v) =
1√
2pi|v|e
ik ln |v|, (9)
normalized such that 〈ek, ek′〉 = δ(k − k′), where 〈 , 〉 is
the inner product in L2(R, dv), and δ(k−k′) is the Dirac
delta. This way, these eigenfunctions provide a basis for
L2(R, dv).
The operator Θˆ is (essentially) self-adjoint in Dv, with
absolutely continuous and double degenerate spectrum
σ(Θˆ) = R+. For each eigenvalue ω2 = 12piGk2, there
are two eigenfucntions: ek(v) and its complex conjugate
e∗k(v).
Finally, the operator −∂2φ is (essentially) self-adjoint in
the domain Dφ of the Schwartz space of rapidly decreas-
ing functions dense in L2(R, dφ), with absolutely con-
tinuous double degenerate spectrum σ(−∂2φ) = R+. Its
4generalized eigenfunctions of eigenvalue λ2 are the plane
waves e±iλφ, which then provide a basis for L2(R, dφ).
Thus, the constraint operator Cˆ is defined in a dense
domain D ≡ Dv ⊗ Dφ ⊂ L2(R, dv) ⊗ L2(R, dφ) ≡ Hkin,
where Hkin is the kinematical Hilbert space. Each of the
operators act as the identity in the sector where they do
not have a dependence.
1. Physical states
Physical states ψ are the ones that are annihilated
by the constraint: Cˆψ = 0. Since Cˆ has continuous
spectrum, non-trivial solutions ψ are not normalizable
in Hkin, and we need to regard them as elements of a
bigger space, specifically the topological dual D∗ of the
domain. Imposing the constraint (4) in D∗, one finds
that the physical states are generally given by:
ψ(v, φ) =
∫ +∞
−∞
dk
[
ψ˜
+
(k)ek(v)e
iω(k)φ
+ ψ˜−(k)e
∗
k(v)e
−iω(k)φ
]
, (10)
where ω(k) =
√
12piG|k| > 0.
Furthermore, interpreting φ as an internal time, phys-
ical states can be separated into positive and negative
frequency sectors:
ψ
+
(v, φ) =
∫ +∞
−∞
dkψ˜
+
(k)ek(v)e
iω(k)φ, (11)
ψ−(v, φ) =
∫ +∞
−∞
dkψ˜−(k)e
∗
k(v)e
−iω(k)φ, (12)
respectively.
Deparametrizing the system with respect to the time
φ, we can write a Schro¨dinger evolution equation driven
by the Hamiltonian Hˆ =
√
Θˆ for the positive-frequency
sector and by Hˆ = −
√
Θˆ for the negative-frequency sec-
tor. Thus, the solutions of the model can be found by
evolving an initial datum (at initial ‘time’ φ = φo) with
the evolution generated by Hˆ:
ψ±(v, φ) = e
±i
√
Θˆ(φ−φo)ψ±(v, φo). (13)
Before completing the physical picture in v-
representation by providing a physical inner product and
a complete set of (essentially) self-adjoint observables,
let us make the observation that there is a large gauge
symmetry present in the system [9]: the dynamics is
invariant under the change of triad orientation, and we
can restrict the study to the subspace of solutions (10)
that are symmetric under the change v → −v. Physical
observables will preserve this space.
2. Physical observables and physical inner-product
Finally, we endow the space of physical states with
a Hilbert space structure, by finding a complete set of
commuting observables along with a physical inner prod-
uct, i.e., an inner product that makes them (essentially)
self-adjoint. This complete set of commuting observables
consists of the constant of motion pˆiφ and the relational
observable |vˆ|φ [9], where the action of |vˆ|φ is found by
separating the physical states in positive and negative
frequency sectors, acting on an initial datum (at φ = φo)
with |vˆ|, and evolving it through (13):
|vˆ|φψ(v, φ) = ei
√
Θˆ(φ−φo)|v|ψ
+
(v, φo)
+ e−i
√
Θˆ(φ−φo)|v|ψ−(v, φo).
(14)
Since both these operators preserve the positive and
negative frequency sectors, they are superselected, and
we can restrict our analysis to one of them. We will
choose to focus on the positive-frequency sector.
The physical inner-product that makes these operators
(essentially) self-adjoint is:
(ψ
1
, ψ
2
) =
∫
φ=φo
dv ψ∗
1
(v, φo)ψ2(v, φo), (15)
which is independent of the value of φ, and so we evaluate
it at, e.g., φo. Recalling the invariance under triad ori-
entation reversal, we conclude that the physical Hilbert
space is L2S(R, dv), the symmetric part of L
2(R, dv). This
way, the norm of a positive-frequency physical state is
||ψ
+
||2 =
∫ +∞
−∞
dv |ψ
+
(v, φ)|2 =
∫ +∞
−∞
dk |ψ˜
+
(k)|2.
(16)
We thus arrive at the further conclusion that physical
states of positive-frequency are fully characterized by the
physical profiles ψ˜
+
(k) ∈ L2(R, dk).
Analogously, the negative-frequency sector is given by
profiles ψ˜−(k) ∈ L2(R, dk).
Moreover, in this v-representation the domain of the
volume is defined by states ψ(v, φ) specified by profiles
ψ˜(k) that belong to Dk, the Schwartz space of rapidly
decreasing functions dense in L2(R, dk).
At this stage, we anticipate that in the case of LQC,
even though (15) does not provide the physical inner
product in v-representation, we will also find that phys-
ical states (symmetric under triad orientation reversal)
are characterized by positive and negative frequency pro-
files ψ˜±(k) ∈ L2(R, dk).
B. Klein-Gordon formulation
Now, we can review the procedure of [21] in detail,
relating the v-representation with the Klein-Gordon one
at the kinematical level. To this end, some intermediate
changes of representation are required.
51. b-representation
Through a Fourier transformation, we pass from the
v-representation to the conjugate b-representation, map-
ping ψ(v, φ) ∈ L2S(R, dv) to ψ˜(b, φ) ∈ L2S(R, db):
ψ˜(b, φ) =
1√
4pi
∫ +∞
−∞
dv e
i
2vb ψ(v, φ), (17)
ψ(v, φ) =
1√
4pi
∫ +∞
−∞
db e−
i
2 vb ψ˜(b, φ). (18)
This way, v∂v transforms to (−1 − b∂b) and the oper-
ator Ωˆ0 becomes:
Ωˆ0 = i 4piG
(
b∂b +
1
2
)
, (19)
defined in the Fourier transform of Dv, namely D˜v ⊂
L2S(R, db).
For later convenience, we choose to work with the
equivalent Hilbert space L2(R+, db) ∼= L2S(R, db/2), so
that we restrict the study to the positive b-half line
in b-representation. Equivalently, in v-representation
we restrict the analysis to the positive v-half line and
from now onwards we consider physical states ψ(v, φ) ∈
L2(R+, dv) ∼= L2S(R, dv/2), but still characterized via
(11)-(12) by profiles ψ˜±(k) normalized in L
2(R, dk).
2. Rescaling
Keeping in mind that our goal is to change variable to
one that transforms the constraint into a Klein-Gordon
equation, we will now perform another change of repre-
sentation, in order to obtain Θˆ = −√12piG (b∂b)2. This
can be accomplished by rescaling the states ψ˜(b, φ) ∈
L2(R+, db):
ψ˜(b, φ) =
1
(12piG)1/4
1√
b
χ˜(b, φ), (20)
with χ˜(b, φ) ∈ L2(R+, 1√
12πGb
db). The constant factor
in the above rescaling is for later convenience. This way,
the constraint now reads
∂2φχ˜(b, φ) = 12piG(b∂b)
2χ˜(b, φ), (21)
and the physical inner product is
(ψ
1
, ψ
2
) =
∫ +∞
0
db ψ˜
∗
1
(b, φ)ψ˜
2
(b, φ)
=
∫ +∞
0
1√
12piG
db
b
χ˜∗
1
(b, φ)χ˜
2
(b, φ) = (χ˜
1
, χ˜
2
).
(22)
3. y-representation
Now, we can make another change of representation,
by changing from b to the related variable y [21]:
y =
1√
12piG
ln
b
bo
, (23)
b = boe
√
12πGy, (24)
with bo a positive constant. In the b-representation, this
constant plays no role and physical results cannot depend
on it. In fact, different choices for the value of bo corre-
spond to unitarily equivalent theories. For convenience,
we choose bo = 2.
The inner product in this representation reads
(ψ
1
, ψ
2
) = (χ˜
1
, χ˜
2
) =
∫ +∞
−∞
dy χ˜∗
1
(y, φ)χ˜
2
(y, φ), (25)
with χ˜(y, φ) = χ˜(b(y), φ). We remind that the rela-
tion between this profile in y-representation χ˜(y, φ) ∈
L2(R, dy) and the original one in v-representation
ψ(v, φ) ∈ L2S(R+, dv) ∼= L2S(R, dv/2) is obtained by using
(18), (20), and (24).
4. Physical states
With this change of variables, the constraint gets trans-
formed into a Klein-Gordon equation [21]:
∂2φχ(y, φ) = ∂
2
yχ(y, φ). (26)
The precise relation between these solutions χ(y, φ)
and the states χ˜(y, φ) of the above section will be made
clear in Sec. III C, where we emphasize the novelty of
this work.
The solution to the Klein-Gordon equation can be split
into left and right moving modes χ
L
(y+) and χR(y−), re-
spectively, where y± = φ±y, and in positive and negative
frequency sectors. We will denote the corresponding fre-
quency by ω˜. Focusing on positive-frequency solutions
only [21]:
χ(y, φ) = χ
L
(y+) + χR(y−), (27)
χ
L
(y+) =
1√
2pi
∫ +∞
0
dω˜eiω˜ y+e−iω˜φo χ˜(−ω˜), (28)
χ
R
(y−) =
1√
2pi
∫ +∞
0
dω˜eiω˜ y−e−iω˜φo χ˜(ω˜), (29)
where the factor e−iω˜φo was introduced for conve-
nience, to match initial data with the previous for-
mulation, such that the initial datum is χ(y, φo) =
1√
2π
∫ +∞
−∞ dω˜e
−iω˜yχ˜(ω˜).
Note that χ
L/R
(y±) can be any function which Fourier
transform is supported on the positive real line.
65. Physical inner product
The physical inner product in this representation is the
Klein-Gordon product [21], namely:
(χ
1
, χ
2
) = 2
∫ +∞
−∞
dω˜|ω˜|χ˜∗
1
(ω˜)χ˜
2
(ω˜)
= 2
∫ +∞
−∞
dy χ∗
1
(y, φo) |i∂y|χ2(y, φo),
(30)
where i∂y is a positive-definite self-adjoint operator on
right-moving modes and a negative definite self-adjoint
operator on left-moving modes. Furthermore, the Klein-
Gordon inner-product is independent of the value of φ,
and we have particularized it to, e.g., φ = φo.
Since the left and right moving sectors of this physical
Hilbert space are mutually orthogonal, we can focus our
analysis on the left-moving modes:
(χ
1
, χ
2
)L = −2i
∫ +∞
−∞
dy χ∗
1L
(y+)∂yχ2L
(y+)
∣∣∣
φ=φo
, (31)
keeping in mind that the analysis for the right-moving
modes is analogous (with a plus sign in the inner prod-
uct).
6. Volume observable
In y-representation the volume operator vˆ is repre-
sented by the (essentially) self-adjoint part of
− 2i∂b = 1√
12piG
e
√
12πGy(−i∂y) (32)
On left-moving modes (28), for which the operator −i∂y
is (essentially) self-adjoint and positive-definite, and with
the Klein-Gordon product (30), the expectation value of
the volume observable for all physical states is given by
(χ, Vˆ |φχ)L = 2piGγ
√
∆ v⋆ e
√
12πG φ, (33)
where v⋆ is a state-dependent constant defined as
v⋆ ≡ 1√
3piG
∫ +∞
−∞
dy+
∣∣∣∣∣dχL(y+)dy+
∣∣∣∣∣
2
e−
√
12πG y+ . (34)
Note then that left-moving modes give rise to universes
that expand as the time φ increases. Analogously, right-
moving modes correspond to contracting universes.
In view of (33)-(34), we find that, for a state χ
L
(y+)
to belong to the domain of the volume, it has to be such
that (34) is well defined (i.e., the integral converges). Re-
call from (28) that it also needs to have Fourier transform
with support on the positive real line to be well-defined
as an element of the Hilbert space. Then, the choice of
such a function is far from trivial. The solution that we
propose to provide explicit physical states that belong to
the domain of the volume in this Klein-Gordon formu-
lation is to find the map between the v-representation
and this one. More concretely, states ψ(v, φ), specified
by profiles ψ˜(k) ∈ Dk, define the domain of the volume
in v-representation, so we seek for the relation between
ψ˜(k) ∈ Dk ⊂ L2(R, dk) and χL(y+).
C. Relation between formulations
In this section, we will build a clear dictionary at the
physical level between the v and y-representations, in
order to determine the χ
L
(y+) that corresponds to a
given ψ˜(k). Given a positive-frequency profile ψ˜(k) ∈
L2(R, dk), the corresponding positive-frequency state
ψ(v, φ) ∈ L2(R+, dv) in the v-representation is:
ψ(v, φ) =
∫ +∞
−∞
dk ψ˜(k)ek(v)e
iω(k) φ. (35)
Through (17), we change from the v-representation to
the b-representation and obtain:
ψ˜(b, φ) =
1
pi
√
b
∫ +∞
−∞
dk ψ˜(k) eiω(k) φ
×
(
2
b
)i k
cos
(
1 + 2ik
4
pi
)
Γ
(
1
2
+ ik
)
,
(36)
having ψ˜(b, φ) ∈ L2(R+, db).
Then, we perform the rescaling (20) and the change of
variable from b to y through (24), to obtain the states
χ˜(y, φ) ∈ L2(R, dy). These states can be also split into
right and left moving modes χ˜(y, φ) = χ˜
L
(y+)+ χ˜R(y−):
χ˜
L/R
(y±) =
(12piG)1/4
pi
∫ +∞
0
dk ψ˜(∓k) eiω(k) y±
× cos
(
1∓ 2ik
4
pi
)
Γ
(
1
2
∓ ik
)
.
(37)
As pointed out before, these still are not the states
χ(y, φ). Remember that χ(y, φ) are not normalizable in
L2(R, dy) but in the space with the Klein-Gordon prod-
uct (30).
Focusing e.g. on left-moving modes, in order to re-
late the state χ˜
L
(y+), which is characterized by the pro-
file ψ˜(−k) ∈ L2(R, dk), with χ
L
(y+), we take another
Fourier transform:
χ˜
L
(ω˜, φ) =
1√
2pi
∫ +∞
−∞
dye−iω˜yχ˜
L
(y+) ∈ L2(R, dω˜),
(38)
and another rescaling
χ
L
(ω˜, φ) =
1√
2|ω˜| χ˜L(ω˜, φ) ∈ L
2(R, 2|ω˜|dω˜), (39)
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χ
L
(y+) =
1√
2pi
∫ +∞
−∞
dω˜eiω˜yχ
L
(ω˜, φ). (40)
Putting everything together, we find that the left-
moving modes of the physical states of the Klein-Gordon
representation are given by:
χ
L
(y+) =
1√
2pi
∫ +∞
0
dk√
k
ψ˜(−k) cos
(
1− 2ik
4
pi
)
× Γ
(
1
2
− ik
)
ei
√
12πGk y+ .
(41)
D. Summary
In summary, in the Klein-Gordon representation, the
physical states χ(y, φ) can be split in left and right mov-
ing modes:
χ
L/R
(y±) =
1√
2pi
∫ +∞
0
dk χ˜±(k) e
i
√
12πGk y± , (42)
respectively, whose Fourier transform χ˜±(k) have sup-
port on the positive real line. These Fourier transforms
are the profiles that define the physical state, and are
related to the profile ψ˜(k) ∈ L2(R, dk) defining (35) by:
χ˜±(k) =
1√
pi
1√
k
ψ˜(∓k) cos
(
1∓ 2ik
4
pi
)
Γ
(
1
2
∓ ik
)
.
(43)
Thus, the connection between the v-representation and
the Klein-Gordon one is found at the physical level. In
particular, this allows the computation of the expectation
value of the volume from (33), given a profile in its dense
domain ψ˜(k) ∈ Dk ⊂ L2(R, dk).
IV. LOOP QUANTUM COSMOLOGY
A. v-representation
Following the techniques of LQG, there is no oper-
ator representing the connection directly, but instead
the holonomies of the connection are represented with
the operator êib/2. In v-representation, this operator
produces a constant shift in the variable v, providing
a representation of the canonical commutation relation
[vˆ, êib/2] = êib/2. Remarkably, the inner product is dis-
crete, given by the Kronecker delta (instead of the Dirac
delta, as in the WDW approach):
〈v|v′〉 = δv,v′ , (44)
where the quantum states are represented as |v〉. This is a
consequence of the fact that in this representation there is
no infinitesimal generator bˆ of translations in v, but only
finite translations êib/2 are well defined. Thus, the basis
states |v〉 are normalizable and provide an orthonormal
basis.
Explicitly, the quantum counterpart of the Hamilto-
nian constraint is given by:
Cˆ = −∂2φ − Θˆ. (45)
The geometric part of the constraint is given by Θˆ =
3
4πGγ2 Ωˆ
2
0, and Ωˆ0 is the symmetric operator [24]:
Ωˆ0 =
1
2
√
∆
Vˆ 1/2
[
̂sign(v) ŝin b+ ŝin b ̂sign(v)
]
Vˆ 1/2.
(46)
where ŝin b =
(
êib − ê−ib
)
/(2i). Then, the operator Θˆ
is a difference operator of step 4, densely defined in the
semilattices L±ε :
L±ε = {|v〉 = | ± (ε+ 4n)〉, n ∈ N}, ε ∈ (0, 4], (47)
such that it is essentially self-adjoint in the Hilbert spaces
H±ε , the closure of L±ε with respect to the inner product
(44).
The generalized eigenfunctions of Θˆ, ek(v), verify a re-
currence relation and do not admit a simple closed form.
In the limit of large v, they tend to a real linear com-
bination of the two corresponding eigenfunctions of the
WDW approach for the same eigenvalue. In other words,
they behave like standing waves with both outgoing and
incoming components, which then do not decouple unlike
in the WDW approach [24].
On the other hand, in LQC the matter field is quan-
tized with a standard Schro¨dinger-like representation, ex-
actly as in the WDW approach. The total kinematical
Hilbert space is then Hkin = H±ε ⊗L2(R, dφ). Hence, as
in the WDW approach, each of the operators act as the
identity in the sector where they do not have a depen-
dence.
With an analysis analogous to that exposed in section
IIIA for the WDW approach, we find that the physical
states are given by:
ψ(v, φ) =
∫ +∞
−∞
dk ek(v)
[
ψ˜+(k)e
iω(k)φ + ψ˜−(k)e−iω(k)φ
]
.
(48)
Here, as in the WDW approach, the physical Hilbert
space is Hphys = L2(R, dk) ∋ ψ˜±(k). Thus, ψ˜±(k) pro-
vide again superselected positive and negative frequency
sectors, in the same way as in the WDW approach, and
again ψ˜±(k) ∈ Dk provide the domain of the volume ob-
servable.
B. Klein-Gordon formulation – sLQC
For the case of a flat FLRW model with a massless
scalar field, there is a specially useful representation to
8work with, which allows for the constraint to be solved
analytically. This is obtained by following the solvable
LQC (sLQC) prescription [21]. The procedure is similar
to that exposed in section III B. Firstly, we change from
the v-representation to the b-representation, this time,
performing a discrete Fourier transform. For this pur-
pose, we need to define Θˆ in a lattice supported over the
whole real line, symmetrically spread around v = 0:
L = {|v〉 = |4n〉, n ∈ Z}, (49)
so that L = (L+4 ∪ L−4 ∪ |0〉) (we define the states ψ(v, φ)
to vanish at v = 0). This way, the Hilbert space under
consideration for the geometry sector, Hgrav, is the clo-
sure of L with respect to the inner-product (44). As in
the WDW approach, the reversal of the triad orientation,
v → −v, is a large gauge symmetry and we consider sym-
metric states. The operator Θˆ is essentially self-adjoint
inHgrav, and remarkably its spectrum is non-degenerate,
unlike its analog Θˆ in the WDW theory. This difference
is the fundamental reason why the dynamics of LQC dis-
plays a bounce, instead of the two types of solutions (ex-
panding and contracting) of the WDW approach [24].
Then, the wave functions ψ(v, φ) and ψ˜(b, φ) of the v
and b-representations are related by:
ψ˜(b, φ) =
∑
v∈L
e
ibv
2 ψ(v, φ), (50)
ψ(v, φ) =
1
pi
∫ π
0
db e−
ibv
2 ψ˜(b, φ). (51)
Notice that this Fourier transform maps Hgrav to
L2([0, pi], db) (with periodic boundary conditions), i.e.,
since v is supported on a lattice of equidistant points
over the real line, b is now an angle.
Then, we introduce a scaling [21]
χ(v, φ) =
pi
v
ψ(v, φ) (52)
and the change of variable:
x =
1√
12piG
ln
[
tan
(
b
2
)]
, (53)
analogous to the change of variable from b to y in the
WDW approach. This way, the constraint gets trans-
formed into the same Klein-Gordon equation as in the
WDW approach, where now x plays the role of y,
∂2φχ(x, φ) = ∂
2
xχ(x, φ). (54)
Therefore, again positive and negative frequency sectors
decouple and we can restrict the study to e.g. positive-
frequency states, for which −i∂φ is positive-definite.
Nevertheless now there is an important difference with
respect to the WDW theory, and it finds its origin again
in the non-degeneracy of the spectrum of Θˆ in LQC.
In fact, now the invariance under reversal of the triad
leads to χ(−x, φ) = −χ(x, φ). As a consequence, physi-
cal states have the form
χ(x, φ) =
1√
2
[χ(x+)− χ(x−)] , (55)
where χ(x±) = χ(φ ± x) correspond to the left and
right moving modes, respectively, and χ is any function
with Fourier transform supported on the positive real
line (to be positive-frequency). In other words, while in
the WDW approach the left and right moving sectors
are completely independent, in LQC they are not: left-
moving modes determine right-moving modes and vice
versa. In the following we specify the physical state us-
ing e.g. only left-moving modes.
The total inner product on physical states is
(χ1, χ2) =
1
2
[(χ1, χ2)L − (χ1, χ2)R] = (χ1, χ2)L
= −2i
∫ ∞
−∞
dx χ1
∗(x+)∂xχ2(x+), (56)
which is independent on the time φ and we can evaluate
it for example at φ = φo.
C. Volume observable
Now we can compute the volume observable, as we did
for the WDW theory. In the present x-representation of
LQC, the operator vˆ is represented by the (essentially)
self-adjoint part of
− 2i∂b = 2√
12piG
cosh(
√
12piGx)(−i∂x) (57)
Let us recall that on left-moving modes χ(x+) the opera-
tor −i∂x is (essentially) self-adjoint and positive-definite.
Then it is easy to see that the expectation value of the
volume observable for all physical states, is now given by
(χ, Vˆ |φχ) = 2piGγ
√
∆
(
v+e
√
12πG φ + v−e−
√
12πG φ
)
,
(58)
where v± are state-dependent constants defined, in terms
of the left-moving modes χ(x+), as
v± ≡ 1√
3piG
∫ +∞
−∞
dx+
∣∣∣∣dχ(x+)dx+
∣∣∣∣2 e∓√12πG x+ . (59)
Equation (58) makes obvious that now the presence
of both components, left and right movers, leads to the
occurrence of a bounce. Indeed, we can rewrite [21]
(χ, Vˆ |φχ) = 2piGγ
√
∆vB cosh[
√
12piG(φ− φB)], (60)
with
vB = 2
√
v+v−
||χ|| , φB =
1
2
√
12piG
ln
(
v−
v+
)
, (61)
9state-dependent constants giving the value of the volume
and the scalar field at such bounce.
Similarly to the WDW approach, the question that we
have to answer is which positive-frequency left-moving
modes χ(x+) give rise to physical states belonging to the
domain of the volume observable. Namely we look for
profiles χ(x+) which Fourier transform is supported in
the positive real line and such that the constants v± are
finite. These conditions are exactly the same as in the
WDW approach!
Therefore the answer is that the domain of the volume
in LQC is characterized by left-moving modes
χ(x+) =
1√
2pi
∫ +∞
0
dk χ˜(k) ei
√
12πGk x+ , (62)
with Fourier transform χ˜(k) defined as
χ˜(k) =
1√
pi
1√
k
ψ˜(−k) cos
(
1− 2ik
4
pi
)
Γ
(
1
2
− ik
)
.
(63)
Here ψ˜(k) ∈ Dk ⊂ L2(R, dk) is the physical profile that
defines the positive-frequency state in v-representation
ψ(v, φ) =
∫ +∞
−∞
dk ek(v)ψ˜(k)e
iω(k)φ. (64)
This completes the link at the physical level be-
tween the original representation of LQC and the x-
representation of sLQC. Note that we have managed to
make the connection between both formulations without
the need to solve analytically for the LQC eigenfunctions
ek(v). Actually one could follow that other path, namely
using the analytical solution of sLQC to solve for ek(v),
as done in [25, 26]. Those works did not worry about
the domain of the volume operator, that we have explic-
itly constructed here. Using the analytical expression
for ek(v) (conveniently symmetrized and normalized) one
should arrive at the same result than us. However we de-
cided instead to exploit the parallelism with the WDW
approach as we find it more convenient.
V. SEMICLASSICALITY
In this description, we have made no restrictions to
the physical states so far. However, we are particularly
interested in semiclassical states, in the interest of agree-
ing with classical General Relativity in the low curvature
regime where quantum geometrical effects should not be
important. In other words, semiclassical states are those
for which the expectation values of physical observables
in the low curvature regime are peaked in a classical tra-
jectory, so that the relative dispersions of such observ-
ables are small in that regime.
In the model under study we have two independent
observables, the momentum of the scalar field, and the
volume. Thus, we call localized states those for which
〈∆pˆiφ〉
〈pˆiφ〉 ,
〈∆Vˆ |φ〉
〈Vˆ |φ〉
(65)
are bounded along the evolution. The smaller these rel-
ative dispersions are the more semiclassical the states
are. Here, and in what follows, 〈Oˆ〉 ≡ (χ|Oˆχ) denotes
the expectation value of a physical observable Oˆ on the
left-moving mode χ.
Having the relation between the left-moving modes
χ(x+) and the spectral profiles ψ˜(k), restricting to semi-
classical states is straightforward, because we can infer
from previous studies in v-representation which condi-
tions ψ˜(k) must satisfy to give rise to a semiclassical
state. In general, a profile suficiently peaked on a finite
value of k does the job. For example, the most natural
choice, which is the one investigated in [10], is a Gaussian
profile
ψ˜(k) = Ne−
(k−ko)
2
2σ2 , (66)
centered on ko, with a standard deviation σ and a nor-
malization factor N .
In this section, we are going to forget for a moment
the relation between χ(x+) and ψ˜(k), and analyze the
question of semiclassicality directly in the solvable for-
mulation of LQC.
For convenience, in what follows we will make the
change of variable u =
√
12piGx+, so that the left-moving
modes χ(x+) will become χ(u), and
v± = 2
∫ +∞
−∞
du
∣∣∣∣dχ(u)du
∣∣∣∣2 e∓u. (67)
A. Momentum of the field
Focusing first on the momentum of the scalar field, in
the solvable formulation of LQC one straightforwardly
finds 〈pˆiφ〉 =
√
12piGvo, where vo is a state-dependent
constant of motion defined via
vo ≡ 2
∫ +∞
−∞
du
∣∣∣∣dχ(u)du
∣∣∣∣2 . (68)
To find the dispersion of the momentum of the field,
〈∆pˆiφ〉 =
√
〈pˆi2φ〉 − 〈pˆiφ〉2, (69)
we notice that another straightforward calculation leads
to 〈pˆi2φ〉 = 6piGv2d0 , where v2d0 is another state-dependent
constant in φ, defined via
v2dn = 4
∫ +∞
−∞
du Im
[
dχ∗(u)
du
d2χ(u)
du2
]
e−nu, (70)
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for the case n = 0. This yields
〈∆pˆiφ〉
〈pˆiφ〉 =
√
v2d0
2v2o
− 1. (71)
Notice that vo is very similar to v± defined in (67),
which already have to be finite for physical states in the
domain of the volume. For the integral (67) to exist, since
e∓u diverges for u → ∓∞, we conclude that |dχ/du|2
is such that it dominates over e∓u, compensating for its
divergent behavior. This implies that |dχ/du|2 converges
by itself in the integration range. Therefore, vo is finite
as long as the state is in the domain of the volume. In
consequence, the boundeness of the relative dispersion of
the momentum of the field implies then that v2d0 has to
be finite as well. Moreover, the semiclassicality condition
〈∆pˆiφ〉/〈pˆiφ〉 ≪ 1 applies for profiles with v2d0/(2v2o) & 1.
B. Volume
Analogously for the volume observable, we find that
the relative dispersion can be written as
〈∆Vˆ |φ〉
〈Vˆ |φ〉
=
[
v2d+2
2v2+ + 2v
2
− e−4
√
12πGφ + 4v+v− e−2
√
12πGφ
+
v2d−2
2v2+ e
4
√
12πGφ + 2v2− + 4v+v− e2
√
12πGφ
+
v2d0
v2+ e
2
√
12πGφ + v2− e−2
√
12πGφ + 2v+v−
− 1
]1/2
,
(72)
where we defined v2d±2 according to (70), for n = ±2.
Throughout the evolution in φ, the first term of (72)
is bounded by v2d+2/(2v
2
+) (which is reached when φ →
+∞), the second by v2d−2/(2v2−) (reached when φ→ −∞)
and the third by v2d0/(2v+v−) (when φ = φB). It is easy
to see that finiteness of v2d±2 implies finiteness of v
2
d0
,
applying a similar argument to that below (71). There-
fore states localized in the volume are also localized in
the momentum of the field. Moreover, the semiclassical-
ity condition 〈∆Vˆ |φ〉/〈Vˆ |φ〉 ≪ 1 applies for profiles with
v2d±2 & 2v
2
± and v
2
d0
& 2v+v−.
C. Conditions on χ(x+) to guarantee
semiclassicality
From the above analysis, we conclude that for states
χ(u) belonging to the domain of the volume, namely with
v± < ∞, to define states localized both in the volume
and in the momentum of the field, we further need the
following two conditions to hold
v2d+2 <∞ , v2d−2 <∞. (73)
Moreover, semiclassical states are those highly localized
in the volume observable, for which
v2d±2 & 2v
2
± , v
2
d0 & 2v+v−, (74)
as well as in the momentum of the field, for which
v2d0 & 2v
2
o . (75)
If (73) holds, we could always choose appropriately the
parameters of the profile χ(u) to guarantee (74) and (75).
Let us then study what the conditions (73) impose on the
behavior of χ(u) as a function of u. Let us write
dχ(u)
du
=
∣∣∣∣dχ(u)du
∣∣∣∣ eiα(u), (76)
where α(u) is a real-valued function, standing for a pos-
sible phase. This way,
v2d±2 = 4
∫ +∞
−∞
duα′(u)
∣∣∣∣dχ(u)du
∣∣∣∣2 e∓2u. (77)
If v± is finite, we infer that |dχ/du|2 dominates over
e∓u for u→ ±∞. Then, we can write∣∣∣∣dχ(u)du
∣∣∣∣2 ∼ f(u)e−|u|, (78)
with f(u) an integrable function in each semiaxis of the
real line. Similarly, finiteness of v2d±2 implies the behavior
α′(u) ∼ g(u)e−|u|, (79)
with g(u) such that g(u)f(u) is integrable in each semi-
axis of the real line.
D. Gaussian profiles
We will now consider the positive-frequency states an-
alyzed in [10], that are characterized by a Gaussian spec-
tral profile centered at ko, with width σ:
ψ˜(k) =
1√
σ
√
pi
e−
(k−ko)
2
2σ2 . (80)
We will compute |dχ/du|2 and α′(u) for these states, as
a particular example of the previous discussion.
In v-representation, using 〈e′k|ek〉 = δ(k − k′), it is
straightforward to obtain 〈pˆiφ〉 = −
√
12piGko and( 〈∆pˆiφ〉
〈pˆiφ〉
)2
=
σ2
2k2o
, (81)
on these states. We note that agreement with the solvable
formulation requires vo = −ko for e.g. the left-moving
sector of these states, as we must have 〈pˆiφ〉 =
√
12piGvo.
We will focus our analysis on the ranges −450 ≤ ko ≤
−50 and 0.01 ≤ σ ≤ 0.1, so that σ ≪ |ko|. This way
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we have high localization in the momentum of the field.
Later we will analyze the localization in the volume.
To compute |dχ/du|2, we first need to integrate
dχ(u)
du
=
i√
2pi
∫ +∞
0
dk k χ˜(k) eik u. (82)
We recall that χ˜(k) is given in (63) in terms of the Gaus-
sian profile (80). For each pair of parameters (ko, σ),
we have performed the integration numerically as we did
not manage to solve the integral by analytical methods.
We have taken an interval of u large enough for |dχ/du|2
to converge to 0 in the endpoints of that interval. The
integrand function is highly oscillatory, which requires
sufficiently small stepsizes for the integrations. It turns
out that the final result fits to the Gaussian function∣∣∣∣dχ(u)du
∣∣∣∣2 = Aoe− (u−po)22σ2o . (83)
We numerically find that the parameters Ao, po, and σo
depend on the parameters (ko, σ) in the following way
Ao(ko, σ) = (−0.499999971± 3 · 10−9)koσ√
pi
, (84)
po(ko, σ) = ln[(−0.999987± 7 · 10−6)ko], (85)
σo(ko, σ) =
0.7071066± 1 · 10−7
σ
. (86)
Thus, our numerical analysis leads to the analytical ex-
pression ∣∣∣∣dχ(u)du
∣∣∣∣2 = − koσ2√pie−σ2[u−ln(−ko)]2 , (87)
valid at least in the range of parameters −450 ≤ ko ≤
−50 and 0.01 ≤ σ ≤ 0.1. Moreover, replacing this result
in (68) we obtain vo = −ko as expected. This serves as
a test that (87) is correct.
Let us now analyze α′(u). Considering (76), we have
computed dχ/du numerically, and α(u) has been then
obtained by
cos[α(u)] = Re
[
dχ
du
/
∣∣∣∣dχdu
∣∣∣∣] . (88)
Remarkably, we obtain that the frequency of this trigono-
metric function is constant along u. Therefore α(u) is
linear in u, resulting in constant α′. Numerically, this
was confirmed by applying a cos−1 function to the data,
obtaining a sectional linear function in u (actually the
slope is constant but alternates sign with a given period)
for the entire range of parameters studied. Since α′ is
constant, we find
v2d0 = 4
∫ +∞
−∞
duα′(u)
∣∣∣∣dχ(u)du
∣∣∣∣2 = 2α′vo. (89)
On the other hand, comparing (71) with (81) we conclude
that v2d0 = σ
2 + 2k2o, so that for consistency
α′ = −σ
2 + 2k2o
2ko
. (90)
This result is also compatible with our numerics.
Let us now analyze which further conditions have to
verify σ and ko for these states to provide localization in
the volume. We can straightforwardly compute v± and
v2d±2 by relating them to vo and v
2
d0
respectively. From
(67) and (77) we get
v± = voe∓po+σ
2
o/2 , v2d±2 = v
2
d0e
2(∓po+σ2o). (91)
Now, using vo = −ko, v2d0 = σ2 + 2k2o, and the fits (85)-
(86), we get v+ = e
1/4σ2 , v− = k2ov+, and
v2d+2
2v2+
=
v2d−2
2v2−
=
(
σ2
2k2o
+ 1
)
e
1
2σ2 , (92)
v2d0
2v+v−
=
(
σ2
2k2o
+ 1
)
e−
1
2σ2 . (93)
We conclude that semiclassicality both in the volume and
in the momentum of the field requires a relatively large
value of σ while having σ ≪ |ko|.
VI. CONCLUSIONS/DISCUSSION
The dynamics of a flat FLRW spacetime minimally
coupled to a massless scalar field had already been stud-
ied in the context of LQC. In the v-representation where
the volume operator is diagonal, the dynamics was orig-
inally computed numerically [8–10], which lead to the
exploration of another representation. Applying the so-
called solvable prescription [21], the constraint is cast
into a Klein-Gordon equation, where an analytical treat-
ment is possible. However, in this solvable formulation,
some details have been left unobserved in previous works.
Namely, the connection between the v-representation and
the solvable one had only been presented in [21] at the
kinematical level, and thus the domain of the volume (the
main observable under consideration) was not established
in this representation.
In this work, we have developed the connection at the
physical level between the two representations. We have
obtained this mapping first in the context of the WDW
approach, where, in the equivalent v-representation, the
dynamics is also analytically solvable. This approach ad-
mits a Klein-Gordon representation as well, which shares
its physical Hilbert space with the solvable representation
of LQC. Then in the WDW approach, the connection be-
tween its v-representation and the Klein-Gordon one is
more easily found than in LQC. This way, we find an ex-
plicit form for the states in the domain of the volume in
the Klein-Gordon representation of the WDW approach.
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These states turn out to provide as well the domain of
the volume in the LQC approach.
Furthermore, we have analyzed the notion of semi-
classicality in the solvable formulation of LQC. We have
showed that localization in the volume implies localiza-
tion in the momentum of the field and looked for profiles
that defined states localized in both these observables.
As in the v-representation, we find that a Gaussian profile
defines semiclassical states, with an appropriate choice of
its parameters.
Finally, let us mention that there are previous works
that also looked at the connection at the physical level
between solvable LQC and the original v-representation.
In particular, [25, 26] provide the analytic expression
of the eigenfunctions that diagonalize the Hamiltonian
constraint operator in v-representation, which were only
generated numerically (and employing approximations)
in [9, 10]. More recently, [27] points out a disagreement
between the physical inner product of both formulations.
Our work makes the connection without relying on the
analytic expression of the LQC eigenfunctions, but in-
stead uses those of the WDW approach that are sim-
pler. Therefore, our work also complements these pre-
vious ones, and might serve useful to clarify the issue
pointed out in [27].
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